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Globally stable model reference adaptive control based on fuzzy
description of the plant

S. BrLazic*, 1. SKRJANC and D. MATKO

A novel fuzzy adaptive control algorithm is presented that belongs to direct model
reference adaptive techniques based on a fuzzy (Takagi-Sugeno) model of the plant.
The global stability of the overall system is proven, namely all the signals in the system
remain bounded while the tracking error and estimated parameters converge to some
residual set that depends on the size of disturbance and high-order parasitic dynamics.
The hallmarks of the approach are its simplicity and transparency. The proposed
algorithm is a straightforward extension of classical model reference adaptive control
(MRAC) with a robust adaptive law to nonlinear systems described by fuzzy models.
The performance of the approach was tested on a simulated plant and compared with
the performance of a PI controller and a classical MRAC.

1. Introduction

Model reference adaptive techniques became very
popular in the 1960s and 1970s due to global stability
that was guaranteed by the Lyapunov redesign (e.g.
Monopoli 1974, Narendra et al. 1980) of the earlier
gradient adaptation methods. However, those adaptive
methods never went beyond the theory of the academic
literature. As recognized in the 1980s, their main draw-
back was sensitivity to unmodelled dynamics and dis-
turbances (Rohrs er al. 1985). Robust adaptive
controllers (e.g. Ioannou and Datta 1991, loannou
and Sun 1996) overcome this drawback, but practical
applications still seem to be missing.

In our opinion, the main reason for the lack of prac-
tical applications is the nonlinearity of real plants.
Classical adaptive systems (in this paper, adaptive sys-
tems for LTI plants that were developed by the end of
the 1970s, e.g. Narendra et al. 1980, are referred to as
classical) can adjust their parameters to different oper-
ating points but this procedure takes some time, and if
the operating conditions change frequently, the adaptive
system is unable to track them. Besides, from a theore-
tical viewpoint, the unknown plant parameters are
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assumed to be constant, so the application of such adap-
tive systems to plants with time-varying parameters is
questionable. On the other hand, if the nonlinearity of
the plant is included into the unmodelled part of the
linear plant, catered for by the robustness properties
of the controller, the performance of the closed-loop
system becomes poor and all advantages of the adaptive
controllers over classical fixed-gain robust controllers
are lost.

Classical adaptive control was extended in the 1980s
and the 1990s to the time-varying (Tsakalis and Ioannou
1987) and nonlinear plants (Krsti¢ et al. 1995). Since we
restricted our attention mainly to nonlinear plants that
were more or less time-invariant, the former approaches
were not so relevant even though they produced better
results than classical adaptive control. The main draw-
back of adaptive control algorithms for nonlinear plants
is that they demand fairly good knowledge of mathe-
matics and are thus avoided by practising engineers.

In the last decade fuzzy controllers have proven them-
selves capable of coping with plant nonlinearities, not
only theoretically, but also by practical applications
(§krjanc and Matko 2000). Much effort has been put
to fuzzy gain-scheduling (Tzafestas et al. 2001). Many
different approaches to neuro-fuzzy adaptive control
have also been reported. Jagannathan et al. (1994) stu-
died the tracking performance of model reference adap-
tive control (MRAC) using multilayer neural networks
based on a Lyapunov stability approach. gkrjanc et al.
(1997) and ékrjanc and Matko (1997) proposed an
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indirect fuzzy adaptive control algorithm. Wang (1993)
and Spooner and Passino (1996) presented stable adap-
tive fuzzy control for nonlinear plants. Hu and Lu
(1998) proposed the adaptive observer and the nonlinear
controller which are based on neural networks. The
fuzzy learning approach is quite common in mobile
robot motion control where Rigatos ef al. (2000) pro-
posed the approach with fuzzy membership functions
being adapted. The sliding-mode fuzzy-logic controller
was realized as a fuzzy learning automaton by Rigatos et
al. (2001).

The main drawback of fuzzy (adaptive) controllers is
the lack of theoretical background about the closed-loop
stability. An attempt to join the stability issues of model
reference adaptive systems with the capability of fuzzy
systems to cope with nonlinear plants is given in the
present paper. The direct fuzzy model reference adaptive
control (DFMRAC) algorithm is introduced. The model
of the plant is given in the simple fuzzy form (Takagi
and Sugeno 1985). The main idea of the approach is
fuzzification of estimated parameters (control gains)
resulting in the control and the adaptive laws that very
much resemble the classical MRAC. The resulting equa-
tions are very simple since the plant is assumed to be
predominantly of the first order (but nonlinear), while
the parasitic high-order dynamics are included in the
non-modelled part and do not cause instability due to
the robust adaptive law. In our opinion such restriction
is not too stringent since plants that belong to this class
occur quite often in process industries. Note that good
results are still obtained even in the case where parasitic
dynamics are not neglectable.

The stability of the DFMRAC is examined thor-
oughly in the framework proposed by loannou and
Sun (1996). The boundedness of estimated parameters,
the tracking error and all the signals in the system are
proven as well as the convergence of the tracking error
and estimated parameters to some residual set that
depends on the size of the disturbance and the parasitic
dynamics.

The paper is organized as follows. In Section 2, the
class of plants that will be discussed is presented. In
Section 3, the description of the proposed algorithm is
given. The performance of the algorithm is tested on a
simulated plant in Section 4. The conclusions are pre-
sented in Section 5. In the appendices the proofs of the
important theorems are given together with the neces-
sary background.

2. Class of plants taken into account

In the literature there are many approaches to nonlinear
system identification. Among them identification by the
use of fuzzy models is quite common. Since our aim was
to use simple algorithms, the Takagi-Sugeno model was

chosen to describe the plant behaviour (Takagi and
Sugeno 1985). If the first-order plant is assumed and
the nonlinearity of the plant depends on two measurable
quantities, z; and z,, the model is described by k if-then
rules of the following form:

if z is A; and z, is B, then y, = —a;y, + bu

voesig =1, . ,m; i=1,... k,

where u and y, are the input and the output of the plant,
respectively, A; and B, are fuzzy membership func-
tions, and a; and b; are the plant parameters in the i-
th fuzzy domain. The antecedent variables that define in
which fuzzy domain the system is currently situated are
denoted by z; and z, (actually, there can be only one
such variable and there can also be more, but this does
not affect the approach described here). There are n, and
n;, membership functions for the first and the second
antecedent  variable, respectively. The product
k = n, x n;, defines the number of fuzzy rules. The mem-
bership functions have to cover the whole operating area
of the system. The output of the Takagi-Sugeno model
is then given by the following equation:

J./ _ Zf:l(ﬂ?((p)(_aiyp + blu))
3 Zi‘;l ﬂ?(‘P) ’

where ¢ is the vector of antecedent variables z;. The
degree of fulfilment $°(¢) is obtained using T-norm,
which in this case is a simple algebraic product of mem-
bership functions:

3 (0) = T(pa, (21), s, (22) = s, (21) - g, (22), (3)

where 114 (z) and pp (z,) are degrees of fulfilment of
the corresﬂponding merbnbership functions. The degrees
of fulfilment for the whole set of rules can be written
in the compact form

(2)

=1 & .. Al (4)
and given in normalized form as
0
Bt 5)

YA

Owing to (2) and (5), the first-order plant can be
modelled in fuzzy form as

yp = _(BTa)yp + (BTb)ua (6)
where

a=la a )" and b=, by --- b]"

are vectors of unknown plant parameters in respective
fuzzy domains.

To assume that the controlled system is of the first
order is quite a huge idealization; therefore, parasitic
dynamics are included in the model of the plant. A
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linear time-invariant system of the first order with stable
factor plant perturbations is described by the following
equation:

7pls) = u(s), 7)

s+c

is the transfer function of the nominal system,

where

cis a positive constant, A (s) and A,(s) are stable transfer
functions (Vidyasagar 1993), and u(s) and y,(s) are the
Laplace transforms of the plant’s input and output,
respectively. By multiplying numerator and denomi-
nator of (7) by (s + ¢) the following is obtained:

5,(8) b+ A,(s)

S s+a+Al(s)

where the definition of A,(s) and A} (s) follows directly.
Since a and b in (8) are not known, they can be found
such that A,(s) and A (s) are definitely strictly proper
transfer functions (if they are only biproper, a solution
with different a, b, A,(s) and A (s) can always be found
such that A, (s) and AJ(s) are strictly proper and (8) still
holds). The equation (8) can be rewritten as

SV, = —ay, + bu— AJ(s)y, + A, (s)u. (9)

u(s), (8)

By taking into account the fuzzy model of the plant
(6), the first two terms in (9) that apply to linear systems
are replaced and the plant model becomes:

yp = _(BTa)yp + (BTb)u - A}/’(p)yp + A;(p)ua (10)

where p is a differential operator d/d¢, while A}’(p) and
A, (p) are linear operators in the time domain that are
equivalent to transfer functions Aj(s) and Aj(s). It is
assumed that the plant is also disturbed by an external
disturbance and the final model of the plant used in this
paper is obtained by adding the disturbance d’ to (10):

p=—(BTa)y, + (B'D)u — AJ(p)y, + Aj(p)u+d'.
(11)
Assumptions on the plant model (11):

Al. Absolute values of the elements of vector b are
bounded from below and from above:
bmin < |bz| < 'bl.nax’ i= 1,2, ce ,k and bmin and bmax
are some positive constants.

A2. Absolute values of the elements of vector a are
bounded from above: |g¢;| < dpax> i=1,2,...,k
and a,,,, is a positive constant.

A3. Signs of the elements in vector b are the same.

If some b, approached 0, the system would become
almost uncontrollable in that operating point. We know
that uncontrollability is not easily circumvented in any
type of control, especially not in adaptive control; there-

fore the first part of Al (‘bounded from below’ part) has
to hold. The same goes for the consequences of violation
of the assumption A3, namely some operating points
(characterized by P) would exist where the gain of the
linearized plant p'b was 0 if the elements in b were not
of the same sign. Also, the gain of the linearized plant
would be positive in some operating points and negative
in others. The control of such a plant would always be a
problem and our attention is not directed to plants of a
kind. Although fuzzy models can be regarded as uni-
versal approximators, only arbitrary small modelling
errors are attainable in general. That is why too large
elements of a or b would cause large modelling errors
(the second part of Al—‘'bounded from above’ part—
and A2 have to hold).

It is worth mentioning that only dominant plant
dynamics are assumed nonlinear while parasitic
dynamics are linear. This is not a too unrealistic
assumption since only the upper bound on the certain
norms of the unmodelled dynamics are used in the the-
orem given later. If the nonlinearity of the unmodelled
dynamics is not too obvious, the proposed plant model
is sufficient and it can be used in quite a broad spectre of
real plants, especially in process industries where first-
order nonlinear systems are quite common.

The prerequisite for using model (11) is that we know
what system variables the nonlinearity depends upon,
i.e. what signals (z; and z, in this section) influence the
calculation of B. The choice of these, so called fuzzifica-
tion or antecedent variables, depends on the plant beha-
viour and is a similar problem to that of structural
identification (Takagi and Sugeno 1985) in the case of
Takagi—-Sugeno model. In Takagi and Sugeno (1985) it
was proposed that these variables were the system input
and output. Since the realization of the control is not
possible if p depends on u, p has to be calculated by the
use of y, and/or some other signal(s) that might be
correlated with the change of the system dynamics.
Since the choice of fuzzification variables does not influ-
ence the form of the model (11) and the algorithm pro-
posed below, it will not be addressed here.

3. Proposed direct fuzzy model reference adaptive
control algorithm

The model of the plant was described above. The first
two terms on the right-hand side of (11) will serve as a
model for control design while the other terms will be
catered for by the robustness properties of the adaptive
and control laws since they are unknown in advance.
Note that a and b are also unknown. To overcome
this difficulty adaptive control will be used.

The question still remains whether to use direct or
indirect adaptive scheme. Both approaches have advan-
tages and disadvantages that are well known and docu-
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mented for adaptive control of LTI plants (e.g. Joannou
and Sun 1996). Since it is our belief that it is much
harder to prove the global stability in the latter case,
direct adaptive control was used in our approach, i.e.
control parameters were estimated directly by using
measurable signals. The task of this section is to find
the control and adaptive laws that suit the design objec-
tive.

It was mentioned that the proposed approach to fuzzy
adaptive control resembles very much the classical
MRAC. Since our attention is focused on plants that
are dominantly of the first order, MRAC of the first-
order LTI plant will be recalled first. Later on, the con-
trol algorithm will be extended to nonlinear plants of the
first order with high-order parasitics.

3.1. MRAC of LTI plants

Let us briefly recall the classical approach to MRAC
of the first-order linear time invariant system. The
approach described below is based on Lyapunov
theory and can be found in most textbooks on adaptive
control (e.g. Astém and Wittenmark 1995).

The LTI plant of the first order can be described by
the differential equation

y]):_ay1)+bua (12)

where u and y, are the input and output of the plant,
respectively, while ¢ and b are unknown constants. By
choosing reference model

ym = —4Vm + bmw (13)

a control law
u:fw - qyp (14)

follows to achieve the design objective where w is the
reference signal. The classical solution to find the correct
values for control parameters f and ¢ is to estimate them
by the following adaptive law:

f= —yysgn(b)ew

. (15)
g =,sgn(b)ey,,

where e is the tracking error, defined as the difference
between y, and y,,, while 7, and ~, are arbitrary positive
constants, usually referred to as adaptive gains.

As shown by Rohrs et al. (1985), the above approach
is not robust with respect to high-order unmodelled
dynamics and disturbances, therefore the adaptive law
or the control law or external excitation has to be
changed to achieve the robustness. As will be shown
below, our approach was to use the modified adaptive
law.

3.2. DFMRAC for the class of nonlinear plants

The reason for presenting MRAC for the first-order
linear plant above is that the proposed DFMRAC algo-
rithm is a straightforward extension of the former. The
latter assumes the fuzzification of the forward gain f and
the feedback gain ¢. The fuzzified gains are described by
means of fuzzy numbers f and q

f'=(fi £ - fi]
A =la o - @l

where k is the number of fuzzy rules as mentioned
above. The reference model is the same as in (13)

ym = =Yyt bmw- (17)

The control law is obtained by slightly extending (14),
namely scalar control gains are substituted by the vector
ones:

(16)

U= (BTf)w - (BTq)yp' (18)
The tracking error is the same as before
e:yp_ym' (19)

3.2.1. Adaptive law
The most important part of the algorithm is the adap-
tive law that can be put down in the scalar form

f‘i = _'Yﬁbsignfwﬂi - 7];|5n7|V0ﬁﬂi i= 1727 ) k

. . (20)
q, = ’Yqibsignf}’pﬁi - ’Yqi|5m|V0(1iﬁi i=1,2,...k,

or in equivalent vector form which is more suitable for
analysis due to its compactness

f = —Tbggnewh — Tylem|vFp e
q = Fqbsignsypl} - Fq|5n7|V0QBa

where v; and ~,,; are positive scalar adaptive gains, ¢ is
the error that will be defined below, m is a variable for
normalization to be defined, v, is a design parameter
that determines the influence of the ‘leakage’ (Ioannou
and Sun 1996), F = diag(f), Q = diag(q), and I'; and T,
are diagonal matrices of the corresponding adaptive
gains ~; and r,, respectively. If the sign of the
elements in vector b in (11) is negative, b, is —1, other-
wise it is +1. By introducing ' 2 [f' q'] and
o2 ptw — BTyp], (21) can be made even more
compact

0 = —Thyyue0 — Tlem|i8,B, (22)

where T is the diagonal matrix of scalar adaptive gains
and 6) = [FT Q]

There are some remarks concerning the adaptive law
(22) that have to be mentioned. The first term on the
right-hand side of (22) is equivalent to the adaptive law
(15). The second term introduces leakage, more
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specifically so-called e;-modification (Narendra and
Annaswamy 1987). Note that instead of the product
0,B, only 6 is used in Narendra and Annaswamy,
where the situation was simpler since the plant was
LTI. The difference is seen more clearly from (20).
When the system leaves a certain operating region
(fuzzy domain), the corresponding membership function
B; becomes 0. If 8; was not included in the second term
on the right-hand side of (20), the system would gradu-
ally forget estimated parameter values f; and ¢;. When
the system returned to the operating region, it would use
the wrong parameter estimates. By including §; in the
second term on the right-hand side of (20) the adapta-
tion of the respective parameter freezes until j3; is non-
zero. This difference makes the analysis of the properties
of adaptive law a little different than the one performed
by Ioannou and Sun (1996). On the other hand, the
classical demand on the excitation of the external
signal that prevents parameter drift is relaxed a little
since some parameters are frozen at each instant and
only those that correspond to the current fuzzy domains
are potential candidates for the undesired adaptation
(parameter drift).

Note that the adaptation is not governed by the
tracking error e in (22). Instead, signal ¢ is used which
is defined as

E=¢€— Gm(p)(snf)a (23)

where n2 = m*> — 1 and G, (p) is the reference model
operator in the time domain.

Theorem 1: Adaptive law described by (20) (or equiva-
lently 21 or 22) guarantees boundedness of the estimated
parameter vectors £ and q provided that m is designed such
that

w ),
m’m

L. (24)
Proof: Lyapunov-like function is chosen
1
Vi==— /7 (25)
/ 2y

Its derivative is:

. 1 .
Vﬁ = 'Y_ fzﬁ = _bsignsnfiﬂi - |5n7|V0fi2ﬂi
! 1 (26)
= _|5n7|V0ﬁi <f12 + bsign sgn (5777) i - fz) .
m vy

The derivative of the Lyapunov-like function (25) is
non-positive if
w1

b...sgn(em) — —
sign S8 (5 )m %

1

Yo

w

> )

Since w/m € L, |f;| is also bounded from above (it
decreases until it reaches 1/vo|w(z)/m(z)|). In a similar

manner it can be shown that g¢; is bounded if
yp/m € L. Since the design of m is at the discretion
of the designer, it can be concluded that estimated para-
meters are bounded, i.e. f, q € L. O

3.2.2. Error model
By subtracting (17) from (11), the following equation
is obtained:

¢=—aye+[(B'D)(B'F) — by,lw — [(B'D)(B"q)
+ (BTa) - am]yp + AL/l(p)u - A}/’(p)yp + d/' (28)

It is impossible to find such f and q that would make
the expressions in brackets equal to zero for a general
case. This means that the perfect tracking of the refer-
ence model is not possible by any choice of the control
vectors even in the case when no parasitic dynamics or
disturbances are present. A decision has to be made
about what values for the elements of the vectors f
and q are the desired ones. Those elements will be
denoted by f :k and q;k. They will be obtained by
making the expressions in brackets in (28) equal to zero:

(BTb)(BTf) - bm =0
(BTb)(BTq) + (BTa) —day = 0.

As established before, a general solution for f and q in
(29) does not exist. A particular solution will be found
for the cases where only one fuzzy domain is activated.
This is done for all k fuzzy domains to obtain all /s
and ¢’s. Mathematically, this is done by setting

p=0 --- 0 1 0 --- 0

in (29), i.e. by choosing i-th element of the vector p equal
to 1 while others are equal to 0:

bif;k_bmzo izl,z,...,k,

(29)

i (30)
biqi+ai_aﬂ7:0 l=1,2,,k

This actually means that the desired control parameters
are the same as they would be if obtained in each fuzzy
domain separately. This also leads to the prefect
tracking if the plant is currently in only one fuzzy
domain (local linear model of that domain applies)
and there is no parasitic dynamics or disturbances. If
some of the above conditions are violated, some terms
on the right-hand side of (28) are non-zero. It will be
shown that these terms do not affect the stability of the
system.
Desired control parameters

et =77 f3 - fi]
"= @ o ar]

are bounded due to (30) and the assumptions Al and
A2. The parameter errors are defined as:

(31)
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f=1f—f*
B (32)
9=9-q*
Our wish is to change the expressions in the brackets
of (28) with new ones
(BTb)(BTf) - bm = bfTB + bm %
7 (33)
(BTb)(BTq) + (BTa) —dy = quB + bm;z_}a

P

where

b= irﬁf B"b = min b,. (34)
By using (32) the first equation in (33) yields:
bi‘TB + bm % = BbeTB - bm = Bbe*TB + Bbe‘TB - bm-

(35)
Define matrix B:
R
] n
) 21 ... 22
B=| |’ b o b= b by
b heobeo
b1 by |
(36)
Using [1 1 1] =1 (see equation 5) and (36),
equation (35) yields:
bleH—bm%:BbeTB+BTmeB—bm[1 1o
xB=p"bEp+b,{p'B—[1 1 - 1]}p.
(37)

The expression in the curly brackets is denoted by ¢7.
Since 0 < 3; < 1 it follows:

b )
min ——1<¢ <max =—1

J b 7o b
min j_igggmax j_bi
j i S i (38)
max |bj_bi|
€TBl < ———— < C,

min |b;]
1

due to Assumption Al where C| is a constant. Error 7,
can be deduced from (37)

BEOD b it () + €T (0B (0w
1 OB + RO

=/u(Ow(1),

(1) =

where f, (1) was introduced. Since B™b (gain of the
plant), ¢T'p and f are bounded (see Assumption Al
and Theorem 1), | f,| is always bounded, and it follows

|77w(l)| < |W(l)| Sl:p|fu| :fiw|w(l)|' (40)

If the gain of the controlled plant does not depend very
much on the antecedent variables (elements of the vector
b are similar), (B'b — ) and ¢Tp tend to zero and con-
secutively do f, and 7,

It follows from the second equation in (33)

_[@BD)B'e)  (B'a) a, ba'P
ny - b}ﬂ + b}ﬂ - b_m - b}ﬂ yp

It will be shown below that the function in the
brackets in (41) is bounded. Let us look at the first
term in the brackets of (41)

(41)

(Bb)(B"a) _ B'ba*'B  B'ba'P
b}ﬂ b}ﬂ b}ﬂ
[ a a bl a bl |
by by
T) % 1 @ b_ = v b_
= mp_ 1 k
B b}ﬂ b}ﬂ
b b
| 4 b_]: ) b_]; |
TT
b
<+t bq b (42)

The matrix in the brackets will be denoted by A in the
following. Equation (41) can be rewritten as

ThaT
My = [BT<EB_LA>B+B ba P

bm bm bm
L) a, qus}
P
. b 'm b 'm b 'm (4 3 )
1 T T BTb —b ~T
_b_{B A-a }By1)+b—q Byp-

m m

The expression in the parentheses in the first term is
equal to ¢T, while the expression in the curly brackets
is denoted by y'. Since 0 < 3; < 1, the i-th element of
the vector y can be bounded from above and below:

b, — b, b, — b;

min a; - < x; < max a;-
J i J

max|b; — b| (44)
x"B| < max a; —— <G
i min b;
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due to Assumptions Al and A2 where C, is a constant.
Finally 7, can be expressed as:

B'b—b 1
b q By, =1y,
(45)

It can be seen from (45) that the introduced f, is a
function of time. For our purposes only the upper
bound on |[f,(z)| is important. Since EB, %P, q (see
Theorem 1) and (B'b — b)/b,, are bounded, it follows

I, (0)] < [y, (1)] sup FAGIEFAAGI (46)

Ay, 1
Ny =71 gTByp - b_ XTByp +

b}ﬂ m

According to (49), f} illustrates the nonlinearity of the
plant (or better, its gain). If the elements of the vector b
tend to a constant, f} tends to 0. For linear plants or
such that the gain of the plant is independent of B, f,, is
ZEerO.

Final result follows from (28) and (33):

b - b _
é=—a,e+b, <b_ fTBW T qTByp + 0y = 77y>

m m

+ AL/l(p)u - A}/’(p)yp + d/

b - b
= —aue+ bm <_ fTBW - b_ qTByp +fww _fyyp

b}ﬂ m

+ Au(p)u - Ay(p)yp + d>,
(47)

where the introduction of A,(p) and A, (p) is obvious.
In the following the expression in the parentheses in (47)
shall be substituted by 7 to simplify the notation, i.e.

(1) = £ ()W (1) = £,(0)y, (1) + A, (p)u(?)
= 8,(P)y,(1) +d(1). (48)

The expression in (47) is the so-called error model of the
system that connects parameter vector errors with the
tracking error.

3.2.3. Boundedness and convergence of ¢

Theorem 2: The adaptive law described by (20), (23),
and m* = 1+ n? together with error model (47) guaran-
tees:

L4 E’E‘?qeﬁw;

2
® cengemeS %4— Vé); and

P
P n 2
f.qeS| =+ ,

* b <n12 VO)

ifLer,.
m

The proofis given in appendix C.

3.2.4. Boundedness of all the signals in the system and
convergence of the tracking error
It remains to be solved how to design normalizing
variable m. Theorems 1 and 2 demand that
Wy, 1
—, =, —c L.
m' m’m *©

According to (48) that defines 7, we can propose the
following formula:
m* =1+ n%
nf =w?+ ylz, + my (49)
my = —b8ym, + W+ ylz, my(0) =0,
where 6, > 0 and will be discussed below.
Theorem 3: The model reference adaptive control
system, described by (18), (20), (23) and (49), is globally

stable, i.e. all the signals in the system are bounded and
the tracking error has the following properties

e cc L ;and
o ccS(AF+d*+17),

if the following conditions are satisfied:

Id C
S A2 S eak < 1
g ap

A2, 2 .

CAZ + (&70) < 60, S
A,(5), A,(s) and G, (s) are analytic in Rels] > ==

reference signal w is continuous, and

B is a function of continuous signals,

where

° A:x) = maX(HAu(S)H:x)(Sn’ ||Ay(s)||:x>(ﬁn +'f;’)’

hd AZ = maX(HAu(S)HZ(Snv HAy(S)HZ(Sna ﬁt‘? f;);
e d=sup|d(1)];
t
® « is an arbitrary constant such that oy > a,,; and

¢ are constants that depend on different system para-
meters (reference model, &, v, and other).

Furthermore, estimated control gains converge to the
residual set:

1 1.
(o<l <=1k (0
Yo Yo
The proof is given in appendix C.

Remark 1: In the theorem, transfer functions in the
Laplace domain are used instead of the equivalent
operators in the time domain. If the analyticity or
norms of the operators are needed, the description in
the s domain is more suitable. If the input—output rela-
tions of the system are used, the description in the time
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domain is usually used. Both notations are used inter-
changeably in the rest of the paper.

Remark 2: If the unmodelled dynamics of the plant
that are represented by A, are small enough, then by
choosing «p (which is not a design parameter but is
only used in the stability proof, therefore it is arbi-
trary) large enough, the first condition can always be
satisfied. The first term in the second condition also
gives information about the unmodelled dynamics.
Together with the choice of the leakage parameter
vy, the second condition represents the lower bound
on ¢, that would still assure stable behaviour. On the
other hand, ¢, is also limited from above with the
third condition. The dominant limitation of the third
condition is usually the condition on G,,(s) since it is
not advisable to choose the reference model ‘quicker’
than parasitic dynamics due to robustness issues. The
continuity of the reference signal is not so stringent as
it appears at first sight. We can see from (112) that by
choosing « large enough, arbitrary large derivatives
of the reference signal are allowed. Since the adaptive
control is usually realized by a digital controller, a
reference signal that consists of square impulses can
be treated as continuous with large derivatives in
points of discontinuity.

Remark 3: The parameters f; and g; will converge to
the residual set (50) if the adaptive error ¢ and the
fulfilment of the corresponding membership functions
(; are non-zero. If these conditions are not satisfied,
the parameters will be frozen. This means that the
asymptotic convergence of the parameters is not
guaranteed. On the other hand, the parameters that
may be out of the bounds (50) do not contribute to
the control signal since [; is explicitly present in the

control law.

Remark 4: The consequence of the second property of
Theorem 3 is that short bursts of the signals are possible
(they are quite usual in many forms of adaptive systems;
e.g. Anderson 1985) but they are of finite amplitude and
their duration is relatively short.

Remark 5: The convergence set (50) also represents
potential danger in the case when the plant itself is
unstable and no element of the set (50) provides stable
behaviour of the plant. But this is a known problem
of the adaptation with leakage as shown by Rey et al.
(1989). To avoid it, a controller parameterization
(f1, /oy fesdn,do, ..., @) has to be known which
assures stability of the system. Then a slightly mod-
ified adaptive law (20) should be used to obtain stable
system:

fz“ = _'Yfibsignswﬂi - 7ﬁ|5n7|7/0(fi _fi)ﬂi
i=12,...k

. R (51)

q, = 7qibsign5ypﬂi - ’Yqi|5m|Vo((1i —q;)p;

i=1,2,... k.

Remark 6: The problem of choosing the design para-
meters I', v, and §; is still quite open. This is an ever-
lasting problem in adaptive control. Some guidelines on
choosing v, and §, can be obtained from the conditions
of Theorem 3. The latter does not impose any limita-
tions on adaptive gain, but it is generally known that its
choice is of crucial importance for the good performance
of the adaptive system. As always, it turns out that any
prior knowledge that is available to the designer can be
used to improve the performance or the robustness of
the over-all system.

4. Simulation example

A comparison between the proposed algorithm and the
classical MRAC with e;-modification will be given by
testing them on a simulated model. A simulated plant
was chosen since it was easier to make the same oper-
ating conditions than it would be when testing on a real
plant. The model used here was the extended model of
Rohrs et al. (1985) that can be rewritten in state space
form:

J}p = _yp + Zuf
)'cl = —UI + u,

where the part of the system between the plant input u
and u, represents the parasitic dynamics, while the first
equation in (52) describes the nominal plant (the one
used for control design). The plant was made nonlinear
by adding extra terms to (52). Some properties of the
original system were preserved, namely the linearized
behaviour in the nominal operating point
(u=0,y,=0) and the ‘relative order’ of the plant
(meaning that » and x; do not influence y, directly
even in the form of higher powers). The resulting
system used for simulations was:

¥, = =¥, + 2ur + (—0.5p, + 0.1u,)*

+ (=0.6y, 4+ 0.1u,)?
) ! (53)
iy = 229x; — 30u; + 6x7 — 2xyu; — 0.1u;

X = —up 4 u+0.01u* — 0.01uu; — 0.01u;.

By analysing the plant (53), it can be seen that it is
highly nonlinear. Note that the parasitic dynamics are
also nonlinear, not just the dominant part as was
assumed when deriving the control algorithm. This
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means that this example will also test the ability of the
proposed control to cope with nonlinear parasitic
dynamics. The coefficients of the linearized system in
different operating points depend on u, x;, u; and y,,
even though that only y, will be used as a fuzzification
variable, which is again a violation of the basic assump-
tions, but it still produces fairly good results.

The design objective was that the output of the plant
follows the output of the reference model, i.e. the same
as used by Rohrs et al. (1985): 3/(s + 3). Three experi-
ments were conducted, one with a PI controller, one
with a classical MRAC and the last with DFMRAC.
The reference signal was the same in all cases and it
consisted of a periodic signal followed by two big
steps (the last period and the steps are shown in figure
1). The PI controller (and not PID) was used because the
modelled part of the plant and the reference model are
of the first order and it is easy to design the PI controller
to meet the design objective.

The model of the plant in the nominal operating point
(r,=0) is 2/(s+1) yielding a PI controller with
K, =15 and T; = 1. The results are shown in figure I.
Since too slow a behaviour was obtained, the controller
was designed again in a different operating point (y, = 4
was chosen since the parameters of the plant are
‘average’ there), resulting in K, = 1.5 and 7; =0.33.

4860 4880 4900 4920 4940 4960
‘ t

T T T T T

4860 4880 4900 4920 4940 4960
t

T T T T T

4860 4880 4900 - 4920 4940 4960
t

Figure 1. The PI controller designed in y, = 0: time plots of the
reference signal and outputs of the plant and the reference model
(upper), time plot of tracking error (middle) and time plot of the
control signal (lower).

A 1 1 ]
4860 4880 4900 4920 4940 4960

¥ T T T T

4860 4880 4900 4920 4940 4960

4860 4880 4900 4920 4940 4960
t

Figure 2. PI controller designed in y, = 4: time plots of the
reference signal and outputs of the plant and the reference
model (upper), time plot of tracking error (middle) and time
plot of the control signal (lower).

The results are shown in figure 2, where the system is
underdamped around y, =0 and overdamped around
y]) = 8

In the case of DFMRAC, p, was chosen as the fuzzi-
fication variable. Eleven triangular membership func-
tions that were evenly distributed between —10 and 10
were selected. Our motivation for this choice was again
that no prior knowledge on the nonlinearity was avail-
able to the designer. If some information was available,
it could be used to improve performance. Since in the
case of a linear plant DFMRAC becomes equivalent to
a classical MRAC with e;-modification, all design para-
meters are equivalent. Therefore, we used the same para-
meters in  both experiments, namely v, =1, =2,
g = 0.1 and §, = 0.5, to enable impartial comparison.
Figures 3 and 4 show the results of the classical MRAC
with e;-modification: the former shows a period of
system responses after the adaptation has settled, the
latter depicts time plots of the estimated parameters.
In figures 5 and 6, the same signals are shown for the
proposed DFMRAC. Since f and q are vectors, all ele-
ments of the vectors are depicted.

The experiments show that the performance of the
DFMRAC is much better than the performance of the
other two approaches. Very good results are obtained in
the case of DFMRAC even though the parasitic
dynamics are nonlinear and linearized parameters
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-
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Figure 3. Classical MRAC with e;-modification: time plots of
the reference signal and outputs of the plant and the reference
model (upper), time plot of tracking error (middle) and time plot
of the control signal (lower).

0 1000 2000 3000 4000 5000

0 1000 2000 3000 4000 5000
t

Figure 4. Classical MRAC with e;-modification: time plots of
feedforward (upper) and feedback (lower) control gains.

depend not only on the fuzzification variable, but also
on others. The spikes in the middle figure in figure 4 are
consequences of the fact that the plant of ’relative
degree’ 3 is forced to follow the reference model of rela-
tive degree 1. Since the plant is nonlinear a decision has
to be made as to what operating point one should tune
the PI controller. The consequences of the choice influ-
ence the performance of the system drastically.

4860 4880 4900 4920 4940 4960

T T T T T

4860 4880 4900 4920 4940 4960
t
10 1
3 of 1
-10 J
48860 4880 4900 4920 4940 4960

t

Figure 5. DFMRAC: time plots of the reference signal and
outputs of the plant and the reference model (upper), time plot
of tracking error (middle) and time plot of the control signal
(lower).
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Figure 6. DFMRAC: time plots of feedforward (upper) and
feedback (lower) control gains.

The drawback of DFMRAC is relatively slow conver-
gence since the parameters are only adapted when the
corresponding membership is non-zero. This drawback
can be overcome by using classical MRAC in the begin-
ning when there are no parameter estimates or the esti-
mates are bad. When the system approaches the desired
behaviour, the adaptation can switch to that proposed
by initializing all elements of vectors f and q by esti-
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mated scalar parameters f and ¢, respectively. In our
case, all the estimates were 0 in the beginning, resulting
in the fact that the controller gains were too small in the
beginning. The output of the plant was also too small
and some periods of the reference signal were needed so
that the output reached membership functions around 6
and 8. This means that for some time the corresponding
control gains were 0 since they were not adapted. The
system was in the ‘magic circle’ that prevented it from
reaching the desired behaviour in the beginning. Some
experiments have shown that if the reference model
output was chosen as a fuzzification variable, this
start-up interval was shortened, which is understandable
since adaptation started in all fuzzy domains in the first
period. When the system was moving towards the
desired behaviour, the difference between y, and y,, as
fuzzification variables did not make much difference.
The problem was that the approach with y,, as fuzzifica-
tion variable did not have any background in the fuzzy
model.

5. Conclusions

A direct fuzzy adaptive control algorithm was presented
here. It was shown in Theorem 3 that the closed-loop
system is stable provided some conditions about the size
of disturbances and high-order parasitics are met. The
advantage of the proposed approach is that it is very
simple to design, but it still offers the advantages of
nonlinear and adaptive controllers. It was shown in
the example that good results can be obtained if a
third-order plant is treated as a first-order plant. It
also proves very successful when disturbances are pre-
sent only in certain operating regions since only esti-
mates of the corresponding parameters are bad. When
the system leaves those conditions (fuzzy domains), the
perfect function of the controller is restored instantly.
The drawback of the approach is a long time of adapta-
tion which is the result of the large number of para-
meters that have to be estimated. To speed up the
adaptation, classical adaptation can be used in the
early phase, followed by fuzzy adaptation when the clas-
sical adaptation quasi-settles. Switching from the former
to the latter is very easy and does not cause any bumps.

Appendix A

Some functional analysis preliminaries are given on
norms and smallness of signals in a mean-square sense
that are used frequently throughout the paper. They are
given here for the sake of completeness. More complete
treatment can be found in textbooks on functional ana-
lysis. A very good summary needed for use in control in
general and especially in robust adaptive control is given
in IToannou and Sun (1996).

Since most of the signals analysed here do not have
finite £, norms, £, norms are used instead. They are
defined as usual £, norms but the upper limit of the
integral is ¢ instead of infinity. If a function has a
finite £,, norm we say it belongs to the £,, set. For
stability, analysis of the proposed algorithm exponen-
tially weighted £, norms was shown to be particularly
useful. They are defined as

s = ([ e xenear) o

where 6 > 0 is a constant. If the LTI system is given by
y = H(s)u, (55)

where H(s) is a proper rational function of s that is
analytic in Re[s] > —6/2 for some § >0 and u € £,,
then

||}’z||26 < ||H(S)||:>o(5||ul||2(§v (56)

where

)
O = sl (-5) )
Furthermore, when H (s) is strictly proper, we have

(O] < H ()]st |55 (58)

where

1= = ([ | (-3) zdw)l/z. (59)

Definition of smallness in mean square sense
(Toannou and Sun 1996). Let x:[0,00)—
R w:[0,00) — R" where x € £,,, w€ L;, and con-
sider the set

JHT x'(7)x(7) dr

t

500 = {x.n

+T
< COJ w(r)dr +¢p, V6, T > 0}, (60)

t

where ¢y, ¢; > 0 are some finite constants. We say that x
is w -small in the mean-square sense if x € S(w).

Appendix B

Some useful lemmas are given here. They are indispen-
sable since they are used repeatedly in the proofs of the
theorems. They are given here without explicit proofs.
Most are proven implicitly; the others are very simple to
prove, and therefore the proofs are omitted.

If x(¢) is a vector and a(¢) is a scalar or vice versa then
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1/2

oy = (|| X (ox(rIa (o) ar )

< (J; eI (7)x(7) dT> "

< sup (a7 (03(0)" = %,y 50p [
(61)
If x(¢) and a/(f) are vectors then

1T 0), 125

= 1l s
(62)

where A\.(A) denotes the largest eigenvalue of the
matrix A. The only non-zero eigenvalue of the matrix
cc’ is |¢| for any vector ¢ # 0. Combining (61) and (62)
we get

10, s < (X[, s < 1%l sup [a(f)]. (63)

If x(7) is a vector then the upper bound on ||x,||,s is

t i 1/2
Iy = ([ 5T wxrar)
0

< (JI e ) dT>l/2 Sgp(XT(l)X(l))” Po(64)

0

1 —e % 1
- sup [x(1)] < —= sup [x(7)].
t t

6 V6

Since elements of vector f are normalized it follows

k
sup [B(1) |—supJZﬁ2 $Zﬁi=1. (65)
i=1

If 1 (1),

X;(t) are vector functions of time (i = 1,2, ...

o ()N + [l (gh),l

g(#) and A(f) are scalar functions of time and
,k) then

- \/JI e =N (F2(7) + g2 (1)) W3 (1) dT (66)

0

= [I(hy/1? +&*),II,

x; (1)
X, (1)
L]
Xk (1)
t
= \/J eI (XT(0)x, (1) + - + xF ()% (1)) dT
0
=[xl + -+ lIxe D)
(67)
If x; (i=1,2,...,n) are real numbers then
n 2 n
<Z xi> <n Z x7. (68)
i=1 i=1
Appendix C

The extensive proofs of Theorems 2 and 3 are given.
Both follow the general lines of the similar proofs pre-
sented by loannou and Sun (1996). There are, of course,
many peculiarities of fuzzy modelling that make our
proofs quite different from the mentioned ones.

Proof of Theorem 2

According to the error model (47) the tracking error e
is obtained by filtering parameter errors and unmodelled
term by a reference model G,

b - b _
e~ Gulp) (- B =By, ). (69)

By combining (23) and (69) we get
b - b
€= Gm <b_ fTBW - b_ qTByp + n—en

A Lyapunov function is proposed

The derivative of the Lyapunov function (71) is

1
V=f'r 1f+qTF q+—

|b| (72)

Since f = f* and q = q* it follows from (72) using (21)
and (70)
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V= f'TFfl (—=Tybsignewh — T'ylem|vFP)

+ (ITF;I (Tybsigney,B — Tylem|r,QB)

1 b - b
- — By — —g"
+ 7] 5( aue + b, < b pw q By,

b}ﬂ
— snf + 77>>

= —f'TbSignswﬁ — £T|em|v Fp

+ @' bgner, B — 4" lem|v)QB

a}ﬂ

1] e’ + sgn(b)f pwe — sen(b)q" By,

+bm( e2n? + en)
n
|b]

~lemlu(FF + Q) T &

b}ﬂ

|b|( e2n? + en).

The last equality follows from the assumption A3 that
all »;’s and b have the same sign, i.e. b51gn

What can be said about —(f'F +q"Q)p?

k
- Z (f138: + GiaiBy)

i=1

~ (f"F+q"Q)p =

(74108 + aildi + 3)8;)

G M»

f; ﬂl f fﬂz q:kqlﬂz)

k
< Z (28 = @B+ |71 -1 £18: + 1471 - 1ail3:)

— G B+ ST 118+ 1471 - 13,15,

% (17~ 1717 +2 4t - 11
_ o ﬂz ﬂl ~2 ﬂz ﬂz
(5
> ( sSSP -a ST +q§k2)>

N
|
=
=
7N
N
7N
|
N
+
S
N
S~

+ max (Eklj (Zur+am))
*2

=0+ max(} (/7 +41%)). (74)

The calculated upper bound of —(f'F +q"Q)p in (74)
will be denoted by 6*2. Using (74) and the inequality

Ay 2 b 2.2 min (amabm) 2 2
—— € ——El’l _——E(I—FH‘)
1] ol = 1] '
_ _mln(amabm) EZWZZ
||

it follows from (73):

min(y,by) 2,2 bn

b b

min(a,,, b,,)

m»

}77||>
_|___
AT

Since the desired control parameters (f; and ¢}) are
finite, so is the constant 6*2. The last term in the
inequality (75) is bounded by assumption of the the-
orem. The derivative of the Lyapunov function will be
definitely non-positive if

V < |em|y 0% —

(75)
< |em| <V09*2

|b| %2 bm |77|
i (ama bm) min (ama bm) (76)

lem| > —

Since |em| is positive if inequality (76) holds, ¥ in (75) is
strictly negative, not just non-positive when condition
(76) is satisfied. Because m > 1 by construction it fol-
lows |e| <|em| and large enough [¢] causes that
Lyapunov function starts decreasing. It was shown pre-
viously (see Theorem 1) that f and q are bounded. From
these two facts it follows:

Vief.qe L. (77)
Inequality (75) can be rewritten as:

V < —Ide’m? + vplem|0*? + k3 |em| m

—kie*m? 4 yy|em|0*? + k2|5m| |77|

1 1 [l ?
+§ <k1|5m| — k_l <k% Z"‘ V09*2>>

k% 2 |77| %2 ?
:—7 +W k —|— 09

k% 2 2 2|77| %2 ?
—75m +2k2 k> + 00

IN
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1 2|77| %2 ? % 2 2
+W kzz— 0 = e“m

1

kg |77|2 15

B e 78
+k%n12+k%1/0 ) ( )

where

m»

1]

min(a,,, b,,)

was substituted by k% and
b}ﬂ
1]

by k3. Integrating both sides of the inequality (78), we
obtain

tk% 2 k277 1
J 25md7-<J <k2 +k2

+ V(ty) — V(1) (79)

for Vi>1, and any ;> 0. Because V € L, and
m* = 1 4 n2, it follows

9*4> dr

P
€, ENg, M GS( +I/0> (80)
where S(-) gives information about the mean-square of

the signals and is defined in appendix A.
From (21) it follows:

. /V
f=-Tem <bsign %—F ng(sm)yoF>B

(81)
q= —Fq5m< — bgign % + sgn (em)v,Q)p
and consecutively
If| < clem]| since K,F €L,
" (82)
lq] < clem| since 22 Q €L
Combining (80) and (82) it follows
P
f q S S( + V0> O

The proof of Theorem 3
In the following ||(-)|| denotes the L,;, norm, i.e.

1) ll2s, -

By defining " 2 [f* q'] and o' 2 [pTw — BTyp],
(47) can be rewritten as
Gm(p) <b_ eT('O + 77) (83)

The normalizing signal m in (49) is equal to

m? =1+w +y12, + ||u||2 + ||y1,||2. (84)
It will be shown that

n lnll el vy 1ol @l 191l

T T _7_7_7_7_7 C)O'

m’ m’'m’m ' m’ m 'm’ m’ m
If additionally w € £, then

[l
—c L.
m o0

It follows from (48) by using property (56):
Il < Nl e, Nl 1A g, 17

+ fWIIWII + A1,/ + 4]

( “W—|— d) + ||A ||oobn||u||

(85)

ﬂ

+ (||A llocs, S,

—( fuw +d)+ A m,

&‘

where Ay, = max([|A,[| s, 1A s, +/,). Similarly it
follows from (48), (58) and (68):

7l < 12w () g, oL, 112y ()25, 1) L2,
+ ol +Fly,l +d
< maX(HAu(S)Hz(Sna ||Ay(s)||2ijna fuaf})
< (o, + 1) llas, + w1+ 1y,) +4d
< 2max(||Au(s)||250, ||Ay(s)||2(s‘nafw fy)m +d
=2A,m+d,

where AZ = maX(HAu(S)HZ(Snv ||A}’(S)||2607ﬁt’? f;) From
(86) and (68) we have

(86)

< 8A3m* + 2d°. (87)
The boundedness of

el Ill g 22
m m m

follows directly from (84). Using (67), (61), (65), (64)
and (84) we get

lofl = l[=Bwll + =Byl < [Iwll + ly,ll < ew +m. (88)

Similarly:

@] = /1Bl + By, = /1w + [BI*y2

<\ /w4 yp < m.

The input signal u is calculated according to the formula

u=0"n. (90)
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Owing to the boundedness of the parameter vector 0
that is guaranteed by the adaptive law (Theorem 1)
and (89) it can be concluded that u < cm.

Using (83) output of the plant can be written as

b -
Vp = Gm(p)<w+b—9To)+77>. (91)

m

The consequence of (91) is

b ~
by =pGu(p) (v - o4 ). (02

m

From (92) it follows by using (56), (64) and (85)

b

1571 156 ), (Il + 5 1801+ I

m

_ 93
< ew+ cllol + il 3)

< W+ cf,, W + ed 4 cAom + cm.

The upper bound for the norm of the vector & is
calculated from the norms of its elements (see equation
67)

d
= (Bw) . .
joll = ¢ — B+ Bivl + =B, — B, |
E (_Byp)
< bl + 18] + B3, ] + By, ]
< sup |B|(%+ ||yp||) +sup |m(%+ ||y'1,||)

< ew+ cf,,w + e + ed + A m + cm,
(94)

where W = sup |w(z)], i.e. reference signal w(z) has to be
t

continuous. When the membership functions depend
only on the signals that are continuous (e.g. y, and w
when the above assumption holds), 5;,i=1,2,...,k,
are also continuous and their derivatives are finite all
the time, so the last inequality in (94) finally follows.

It follows from (91) and (85)

b -
1301 = 1G9, (1 + 5 16701+ I
m (95)
< e+ c||0 | + cf, W + cd + cAom
and
b
351 = 166, (101 + = 18]+
m (96)

< e+ c||8 | + cf, W + cd + cAm.

From (11) it follows:

1

u:m

(J}p + (BTa)yp + A}/’(p)yp - AL/l(p)u - d/)

1 pra b 1
= <ﬁ me(p) +BT_b G,,,([’)) <W +b—m 6o+ 77)
b}ﬂ

+ﬁ (Ay(p)yp - Au(p)u - d)

and further:

Jul < (‘sop

1
D ’ [5G ()l s,
P ()

BT (1)b

b oo
(Il + 187 + 98)

m

+ sup

t

CRCINY

b
an)b ’(HA}’(S)HOO(% ||yp||

120 oo, 1l + 1411

+ sup
t

< w4 cfy W+ cd + cAom + || o]

Combining (95), (96) and (98) and using (68) the fol-
lowing inequality is obtained:

2 2
mt =1+ w? 4y + [l + [l
<14 + of 2% + ed® + e A2m® + |67 o .
(99)

From (70) the error e can be rewritten as
b ~
5=Gm<b— eTm—5n§+n>. (100)

The product 8T can be decomposed into

P @70 +8 o) +pi‘—°a 8’0 (101)
0 0

0T =

where « is an arbitrary positive number.
We can use (100) and the fact that

b
G s —__m
}77(8) s + a}n
further to derive from (101):
aT T~ .l
0o = (0" +96 o)
P+
040([’ + am) O‘0[7}71 O‘Obm 2
+ — + 5
Wrah - tab pragh

(102)

The é-shifted norms H_ of the transfer functions
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and 2E% !
S+O{0 S+O{0 0[0_6/2
and 1, respectively. Since ag > a,, > §/2 > 0 it follows:
1 ¢
—_—<— 103
ay — 6/2 (o7)) ( )
Using this the following inequality is obtained
~ 14 o T
[CROEs a—O(IIBTmll + (18" of]) + caglle]
+cllnll + cllen]|. (104)
Using (62) and(89) we get
AT 2 2
16" o] < [|Blol]] < ||8m]]. (105)

From (63) and (94) it follows
1870 < 6] sup 8

< ew+cf,w+ oW+ ed+ cA m+cm. (106)
By inserting (105), (106) and (85) into (104) we get

~ c X [ [
18| <— [|0m|| + caylle]| + cllens|| +— w +— £,
Qo o] %]

S far L Amm—|—i m
Qo Qo Qo Qo
+ of, W+ cd + A m. (107)

Since ¢ is bounded (which is guaranteed by the adap-
tive law as shown before) and n; < m it follows

~ c L
187 || < — ||Bm|| + c|lenm]|
Qo
+ <L A —|—i—|— cAoo>m
Qo Qo
_ ¢ x_C <
+ <caoe+—w+—fww+— W
Qo Qo @9
+id+¢fww+cd>. (108)
Qo
Using (66) we get

C ~ C ~
— [[0m]| + cllengm|| = —[||8]m]| + c|lenm|| < c[|gm||
o] o]

(109)
where
) |8P )
g =—2+(57’lv) .
Qo
Since

it also holds that

2
g€ S<77_2 + I/é)
m
or by using (87)

m

d2
ges<A§+ 2+y5>. (110)

If the term in the parentheses in (108) is denoted by ¢,
the inequality (108) becomes

(601 <l + (£ 80+ ean e
@9 @9
(111)
By using (99) and (111) it follows
m* < 14 cw? + cf, 2w + cd* 4 cAZ m?

¢ ¢
+ c||lgm|* + <—2 A% +—=+ cAiO>mz + cc'?
& g

C C
< ¢|lgm|* + <—2 AL +—=+ cA§O>n12
@y @y

4 4
+ <c+—2>w2+ <c+—2>3w2
ap ap

c\ - c -
+<c+—2>d2+ca(2)62—|——2w2+1. (112)
@y @y

If the following condition is fulfilled

Cc Cc
— AL S+ Al <1 (113)
g ap
we have
Cc Cc —
m? < c|lgm||* + <c+—2>w2 + <c+—2> erin
g g
Cc = c -
—|—<c+—2>d2+coz(2)62+—2wz+c. (114)
ap ap

The equation (114) can be rewritten by using the defini-
tion of the £,5 norm

t

m* (1) < ¢ J e (P (7) dr + K, (115)
0

where the definition of K follows directly from (114). By
applying Bellman—Gronwall lemma to inequality (115)
we get

2 st ¢ [ g(s)ds s e[ 2 )ds
m (1) < Ke e h &Y ‘+K5J o 0=T) e ) & () ds g

0
(116)

Because of (110) the following is true
/ a2
¢ J 2 (s)ds < ¢y 4 ¢ (t — VA3 + ¢5(1 — 7) —

+e3(t—1)14 (117)
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for V7 > 0, V¢ > 7 and some positive constants ¢, ¢, ¢,
and c;. If
a2
clA§+c2W+ e < 6 (118)

then it follows from (116) that m(t) is bounded. The
second term becomes arbitrary small as soon as y,(¢)
(which is smaller than m(#) by design) reaches some
level that depends on the upper bound of the distur-
bance. That term can be left out and the condition
(118) then becomes

A3+ 1 < 8. (119)

As indicated above, m(t) will be bounded if inequality
(119) is satisfied and m(¢) is large enough (this is true if
¥, (2) is also large enough) so that

is negligible. When mi(¢) falls below the critical value, the
system can temporarily become unstable but it stabilizes
as soon as (118) is fulfilled again. This phenomenon is
the well-known bursting.

Inequality (119) bounds the selection of proper ¢, in
the adaptive law from below. On the other hand §,
should not be too large since some transfer functions
have to be analytical in the part of the complex plane
where

Re[s] > —=.
els) > -

The only task that remains unsolved is to show the
convergence of the tracking error. Owing to (23) the
tracking error equals

e:5+Gm(p)(5nf). (120)

The input to the reference model en? can be written as
a product of en, that belongs to

gZ
S(A% +—+ yé)
m

and n, that was shown to be bounded. Therefore it can
be concluded:

72
5n§€S<A§+%+V§>. (121)

If the impulse response of the linear system H(p)
belongs to L£; then u' € S(u) implies that p' € S(u)
and y’ € L, for any finite ;> 0 where u’ and y’ are
the input and the output of the system H(p), respectively
(Ioannou and Sun 1996). In our case the impulse
response of the reference model is b,,e " and therefore
it belongs to £,. Using this fact and (121) it follows:

gz
G,,(p)(en’ GS<A2+—+VZ>
(p)(eny) 2t — 1 12)

Gu(P)(eny) € Lo
It was shown previously that
a2
ee S(A% +—=+ yé)
m (123)
e€ L.

By combining (120), (122) and (123) we arrive to the
final result
ecS(AF+d*+ 1
(A3 0) (124)
e€ L,
where it was taken into account that m is bounded.
The proof of (50) follows directly from the proof of
Theorem 1 (see equation 27) by noting that

Y )4
m

w

m

<1 and < 1. O
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